Abstract-A numerical method is proposed to study the Coulter principle in a microfluidics where low-conductive suspended cells and a high-conductive sample stream are hydrodynamically focused by two low-conductive sheath streams. The diffusion phenomenon of the high-conductive sample stream was modeled by solving a convection-diffusion equation. The motion of the suspended cell was calculated by solving the coupled equations of motion and the Navier-Stokes equations. The electric field was calculated by solving the Laplace's equation. With the proposed method, the effects of cell size, electrode size and electrode position, and the sheath flow width on the measured signal variation were systematically studied. Our simulations showed that fluid diffusivity plays an important role in determining the signal variation. We also showed that the current sensitivity increases with the cell size and the electrode size but it decreases with the sheath flow Index Terms-Coulter principle, computational fluid dynamics, hydrodynamic focusing, current sensitivity
I. INTRODUCTION
Coulter counter is an analytical microfluidic instrument used to measure the size and concentration of biological cells or colloid particles suspended in electrolyte [1] . Fig. 1 shows the schematic of a microfluidic Coulter counter with three inlets and one outlet. In this configuration a high-conductive sample stream is injected from the middle inlet on the left with suspended cells. Two electrodes are mounted on the bottom of the channel and they are connected to a galvanometer to measure the current between the two electrodes. When a low-conductivity cell passes through the electric field by the two electrodes, it interrupts the electrical path and causes a decrease in the measured current. The number and size of the cells can be obtained by carefully analyzing the measured signals. Due to its simplicity and portability, various designs of micro-Coulter counters have been used in the fields of chemistry, biology, and medicine [2] - [7] .
In the configuration shown in Fig. 1 , the high-conductive stream and low conductive cells are hydrodynamically focused by two low-conductive streams which are injected from the top and bottom inlets.
The use of hydrodynamic focusing in a micro-fluidic system offers many desirable outcomes. For example, it can control the motion of the suspended cells to prevent cells from coming into contact with the walls and reduce the background noise [8] , [9] . Also, hydrodynamic focusing can control the width and position of the high-conductive stream for better signals [10] and allow the cell stream to be steered into different output channels [11] .
In the design of microfluidic Coulter counter, it is critical to have an accurate correlation between the signal variation, and the number and size of cells. The multidisciplinary nature of the problem makes it difficult to find an accurate analytical solution. Furthermore, the measured signal is affected by the concentration of the sample stream which involves different scales (low diffusivity but high viscosity). Various studies have been reported using methods of different fidelities. Some early studies used simplified analytical models to predict the signal variation due to the presence of cells [12] - [14] they only consider sphere-shaped cells moving along the center axis line. Reference [15] derived an analytical solution to predict the resistance variation. They concluded that the current sensitivity decreases as the electrode width increases. Their conclusion is based on a relatively large cell with diameter of about thirty percent of the channel width. In their study they ignored the mass diffusivity and assumed a uniform conductivity distribution.
Experimental work has been performed to understand factors affecting signal variation [16] - [19] . For example, [17] showed that if electrodes were fixed on the bottom surface of a micro channel, the resistance variation would increase if the aperture dimension decreased. Reference [18] and [19] designed and tested a microfluidic Coulter counter using the hydrodynamic focusing effect. They also derived an analytical formula to predict the electric resistance between the two coplanar electrodes. The advancement of computational fluid dynamics (CFD) has made it possible to study microfluidics with numerical approaches. Recently, [20] studied the ion concentration distribution under the impact of two dimensional hydrodynamic focusing. They found that the focusing effect was increased when the angle increased from zero to ninety . One drawback of these simplified models is that degrees. Reference [21] drew similar conclusions in their numerical study. Reference [22] simulated the electrical resistance variation when non-conductive cells pass through a micro-channel. Reference [23] numerically studied the impedance sensitivity in three different electrode configurations. They showed that face-to-face configurations had better current sensitivity than coplanar configurations. Reference [24] simulated the ion transport for micro size particles in a micro Coulter counter. Reference [25] showed that the normalized resistance variation was linearly dependent on the pore radius, but it decreased as the gap between the pores increased. Reference [26] and [27] used commercial software COMSOL to simulate the impedance change in a microfluidic Coulter counter. Reference [28] simulated the current changing in a microfluidic channel when the cell passed into the detection region. They showed that in a non-uniform electrical field the detected signal increases as the cell moves closer to the electrodes. Reference [29] simulated a microfluidic Coulter counter under DC driving. Both the hydrodynamic force and electro-kinetic force were considered. The simulation confirmed that the current pulse profile (amplitude, width, position) strongly depend on the particle size and flow condition.
In this paper, we proposed a numerical method to study the Coulter principle based on the design shown in Fig. 1 . The proposed method differs from previous approaches in that it considers the fluid viscosity and the sample stream diffusivity which play critical roles in the signal variations but usually ignored in previous studies. In our approach the cell motion is calculated by closely coupling the Navier-Stokes equations with the equations of motion. Furthermore, the cell size in our study is relatively small with respect to the channel width. The paper is structured as follows: first, we present the proposed numerical methods; second, we validate the solvers; third, we present the numerical results; finally we make conclusions and suggestions. 
II. GOVERNING EQUATIONS AND NUMERICAL METHODS

A. Fluid Flow Governing Equations and Solver
The studied microfluidic Coulter counter has a velocity ranging from 0.1 cms-1 to 1 cms-1. The channel diameter is between 50 m to 200 m. For most cases involving liquid, this scale is well suited to the standard continuum description of transport processes [30] . The Reynolds number based on the fluid velocity and channel diameter is between 0.05 and 10. At this low Reynolds number flow remains laminar and incompressible. Flow behavior can be described by the unsteady incompressible Navier-Stokes equations
where is the kinematic viscosity, p is the pressure, u is the velocity vector, t is the time and  is the fluid density.
The governing equations (1) and (2) are solved using a pressure-Poisson method on overlapping grids. As discussed by [31] , the overlapping moving grid method is suitable for moving boundary problems. As Fig. 2 shows, one circle grid overlaps with the background grid. Typically, boundary-conforming structured grids are used to achieve high-quality representations of the objects, and Cartesian grids are used as the background grid so that the efficiency inherent with such grids can be exploited. The irregular boundaries associated with standard Cartesian grid methods take the form of the interpolation boundary between overlapping grids. The interpolation points are located in the overlapping region to couple solutions from different domains. As an object moves, the grid moves with it, meaning that only the interpolation points need to be recalculated as opposed to regenerating the whole mesh. The convection terms, diffusion terms, and the pressure term are discretized using a second-order central difference scheme. The time integration is accomplished through a second accurate Adams-Bashforth-Moulton predictor-corrector method [32] .
B. Sample Stream Concentration Equation and Solver
The electric field shown in Fig. 1 is affected by the concentration of the high-conductive sample stream. The concentration can be described by the following convectiondiffusion equation,
where c is the concentration and k is the mass diffusivity. Though the concentration is affected by the flow field, the flow field is not affected by mass transfer. Hence, the convection-diffusion equation is decoupled from the Navier-Stokes equations. We use a second-order center difference scheme to discretize the convection and diffusion terms.
C. Electric Potential Distribution Equation and Solver
The electric potential distribution is described by the Laplace's equation,
where  represents the potential and  is the electrical conductivity. Special treatment is needed to solve Laplace's equation because the electrical conductivity is not continuous near the interface between the high-conductive stream and the low-conductive cell. To deal with the discontinuity in conductivity, the following central difference scheme is used. Equation (4) in the two-dimensional Cartesian coordinates has the following form:
where the first term on the right hand side is discretized as
where , ij  is the electrical conductivity at the grid point ( , ) ij. The second term on the right side of (5) can be discretized similarly. This discretization leads to the system of equations
where
, 1 , , ,
Equation (7) can be solved using the successive over relaxation method [33] .
The current density vector can be calculated by taking the gradient of the potential as follows:
and current can be calculated through integration.
III. SOLVER VALIDATION
The fluid solver for (1), (2) and (3) have been validated by [34] . Here we only validate the solver for the electric potential equation. Two test cases are used for that purpose. In the first case we consider the electric potential distribution along a conductive bar. The bar is showed in Fig. 3 . The bar has a dimensionless length of 1. Two scenarios are considered. In the first one, the unit-length bar has a uniform, dimensionless electrical conductivity of 1. In the second case, the electrical conductivity on the one dimensional bar is 0.1 between 0.222 0.322 x  but is 1 everywhere else. Analytical solution exists in both cases. Fig. 4 compares the simulated and analytical solutions. In both cases the numerical results match the analytical ones.
In the second test we study the electric potential distribution in a two-dimensional (2D) field. As Fig. 5 shows, the 2D channel has a length of L and width of H. The channel has a uniform electrical conductivity. Two electrodes of equal size are mounted on the bottom surface. The rest boundary regions are set as the insulating boundaries. An analytical solution can be obtained using the Schwarz-Christoffel Mapping (SCM) when the channel length L approaches infinity [15] . We compares the numerical and analytical results along line OB (length=0.1). It is noted that the analytical solution is obtained for an infinitely long channel and simulations are based on finite length channels. Fig. 6 shows that the agreement between the analytical and numerical results is very good for both the three situations; the boundary has no significant effect on our results. The calculated potential distribution is shown in Fig.  7 . 
IV. NUMERICAL RESULTS
In the next we study of effects of sample stream diffusivity, cell size, electrode size, and gap between the electrodes on Engineering, Vol. 4, No. 6, November 2014 the current sensitivity. We choose dimensionless analysis and all the simulations are 2D. The channel length, electrode location and cell radius are normalized by the channel width. The diffusivity is reported as a dimensionless parameter.
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A. The Impact of Diffusivity
Reference [15] proposed an analytical approach to predict the current variation due to the presence of a low-conductive cell in a high-conductive sample stream. In their study the diffusivity of the sample stream was ignored. Reference [34] showed that the diffusivity can alter the sample stream distribution.
To illustrate the impact of diffusivity we simulate a 3-inlet microfluidics channel which is shown in Fig. 8 . Two low-conductive sheath flows are injected from the top and bottom inlets, the high-conductive sample flow is injected from the middle inlet.
In the simulation, uniform velocities are specified at the inlets and a zero gage pressure boundary condition is specified at the outlet. No-slip boundary conditions are applied on the channel walls and also on the moving cell. In the simulation the cell is inserted into the channel at the beginning of the simulation. For the study of the electric field we focus on the marked region in Fig. 8 Two cases are simulated and compared. In the first case no diffusivity is considered and in the second case diffusivity (k=0.001 and Schmidt number, Sc=1000) is considered. Fig.  9 compares the conductivity distribution at x=7 with and without diffusivity. When diffusivity is considered the conductivity distribution profile is more spread out. Because the electrical field is affected by the conductivity distribution, the diffusivity also affects the current variation. The calculated current sensitivity with and without diffusivity is shown in Fig. 10 . Following the work of [23] , we use / II  to represent the current sensitivity. Here I is the current when no cell exists, and I  is the current variation due to the cell. We can see that the current sensitivity is lower when diffusion is considered.
B. The Impact of Cell Size
To understand the impact of cell size we test three cells of different radii. The diffusivity of the sample stream is 0.001 for all the cases. The cell radius, r, is 2%, 3% and 4% of the channel width, respectively. The impact of cell size is shown in Fig. 11 . It is clear that a larger cell leads to higher sensitivity and vice versa. The length of electrodes and the gap between them are two key parameters in the design of Coulter counters. We study their impact by systematically varying the electrode length and the gap between the electrodes. In all cases the center of the two electrodes is at x=7.0. Three different electrode lengths and three different gaps are tested and the simulation results are shown in Fig. 12 . From those tests we conclude that the sensitivity increases with the electrode length and also with the gap.
C. The Impact of Electrode Length and Gap between the Electrodes
D. The Impact of Electrodes Position
The current sensitivity is also affected by the location of the electrodes. Three electrode locations are selected and they are marked in Fig. 13 . The cell radius is 0.03 for all the tests. In case A, the center of the two electrodes is centered at x=6.2, in case B it is centered at x=6.6, in case C, the center is at x=7. In all three cases the gap between the two electrodes is 0.6. The conductivity distribution at x=6.2, 6.6 and 7.0 are shown in Fig. 14 . Due to the diffusion the conductivity distribution is more spread out further downstream at x=7.0 than the other two upstream. The current sensitivity is shown in Fig. 15 . It shows that when the electrodes are moved downstream, the current sensitivity decreases. This is because the sample stream is more spread out further downstream due to diffusion. Similar to the one shown in Fig. 10 , a more concentrated sample stream results in higher current sensitivity than a less concentrated sample stream.
E. The Impact of Sheath Flow Rate
The width of the focused sample stream can be adjusted by changing the sheath flow rate. A high sheath flow rate leads to a narrow sample stream width and vice versa when we keep the total fluid rate as a constant. Here we choose the tested cell size r=0.03 and three different sheath flow rates (v=0.35, 0.36 and 0.37) to simulate the impact of sample stream width on the current sensitivity. The results are shown in Fig. 16 . As the sheath flow rate increases, the sample stream width decreases, and the current sensitivity increases. This is because when the sample stream width decreases, the cell affects a relatively large portion of the conductive area and hence the sensitivity is high.
F. The Impact of Parallel Electrodes Distribution
The distribution of the electrodes can all be set as parallel. The electric potential distribution is shown in Fig. 17 . Fig. 18 shows the current sensitivity (cell radius=0.04). We can see that the max current sensitivity is over 2% which is nearly five times than the results in Fig. 10(0.4%) . The solution shows the current sensitivity under this parallel distribution is higher than that in the coplanar configuration. This conclusion is also confirmed by [15] . Fig. 16 . Impact of the sheath stream rate on the current sensitivity. A higher sheath flow rate results in higher current sensitivity. However, the parallel electrodes distribution is harder to fabricate than the coplanar electrodes distribution. Reference [35] showed that the parallel configuration needs two times of standard lift-off photo-lithography and sometimes the electrode is easy to fall off. On the other hand, Reference [19] showed that the fabrication of the coplanar electrodes distribution only needs one-time lithography and there is no electrode falling-off problem.
V. CONCLUSIONS
A numerical method is proposed to study the Coulter principle based on a three-inlets microfluidic Coulter counter. In this method both the fluid viscosity and mass diffusivity are considered. The cell motion is calculated by closely coupling the Navier-Stokes equations with the equations of motion. The accuracy of the numerical methods was validated by comparing against analytical solutions. From our simulations we concluded that diffusion lowers the current sensitivity. Our results also showed that the current sensitivity increases with cell size, electrode length, and the gap between the electrodes. We also showed that the sensitivity decreases as the sample stream width increases and as the electrodes are moved further downstream. The future work is to apply the proposed method to study three-dimensional problems.
